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Magnetic fluids containing nano or submicron magnetic particles and their applications to food, biological, and
pharmaceutical systems have recently attracted considerable attention. Magnetic particles can be collected efficiently in
magnetizable matrices (e.g., iron wires) in high-gradient magnetic separation processes. However, capture efficiencies
based on results for clean, particle-free, wires may be seriously in error because the particle accumulation on the wire
distorts the flow and the magnetic fields, and thus influences the capture efficiency. A model is developed here in which the
dynamic growth process is treated as a moving boundary problem, with the growing front tracked explicitly by marker
points distributed evenly over its surface. The flow field and magnetic field are calculated using a finite element method,
and a particle trajectory model is used to calculate the deposition flux on the surface. The marker point distribution and the
buildup shape are updated at each simulation step. Simulation results show that, for weakly magnetic particles, the
accumulation exhibits a smoothly growing front, whereas for strongly magnetic particles, an instability occurs, leading to
dendritic growth. The capture efficiency decreases dramatically as particle accumulation increases; and this trend is more
prominent for the transverse configuration than it is for the longitudinal configuration. The simulation results show
good agreement with experimental results from the literature. VVC 2011 American Institute of Chemical Engineers AIChE J,
58: 2865–2874, 2012
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Introduction

High-gradient magnetic separation (HGMS) is used for the
concentration, removal, and fractionation of magnetic particles
from fluid streams. It has been applied to the beneficiation of
metal ores,1 the recovery of metals from wastes,2 and waste water
treatment in the steel industry and in thermal power plants.3

Recently, HGMS processes together with the use of functional-
ized magnetic particles have been extended to more complex sys-
tems, such as cell manipulation,4,5 protein separation,6–10 heavy
metal ion11 and nonpolar organic contaminant12 removal from
water streams, and analytical applications.13 Low cost, high se-
lectivity, excellent operational flexibility, and ability to treat
highly complex feedstocks all make HGMS a promising tech-
nique for these applications relative to traditional adsorption tech-
niques, including chromatography and expanded bed adsorption.

For particles comprised of a soft magnetic material, the
magnetic force is given by:14

FM ¼ l0VpMprH (1)

where l0 is the free space permeability, Vp is the particle
volume, Mp is the volumetric magnetization of the particle
material which is equal to the particle density qp multiplied by

the particle mass magnetization rsp, and H is the scalar value
of the magnetic intensity at the location of the particle. For a
magnetic particle to be separated from the stream, the
magnetic force must compete successfully with other external
forces due to gravity, hydrodynamic drag, and Brownian
thermal motion. Typically, magnetizable wires (usually of
stainless steel) are placed inside the separator to induce high-
magnetic field gradients and, therefore, high magnetic forces.

Various theoretical approaches have been used to aid in the
understanding, design, and optimization of HGMS processes.
For example, particle trajectory and trapping models have
been used to study the migration and capture of large magnetic
particles and nonmagnetic particles by single-wire and multi-
wire matrices subject to magnetic, flow, and other external
force fields.15–17 Although these models are still widely
used,18 they assume clean wires (particle-free) and, because
they do not account for the effect of particle accumulation on
the wires, they are applicable only at the very early stages of
the capture process. However, the reality is that, as the particle
buildup grows, it modifies the effective geometry of the wire
and consequently influences the flow and magnetic fields.15

A simplified model that is able to predict the maximum
particle accumulation on a wire has been developed and
tested experimentally by Liu and Oak19 and Nesset and
Finch.20 In this model, the interface is assumed to remain
cylindrical at all times, and potential flow theory is invoked to
obtain the flow field around the wire. There is a critical value
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of the buildup radius, bLa, beyond which the contest between
drag forces and magnetic forces is resolved in favor of the for-
mer. This critical value, bLa, is the limit of static buildup.21,22

The model provides a very useful estimate of the maximum
buildup for weakly magnetic particles; but it does not give an
indication as to how long it takes to attain this state. In addi-
tion, because this model neglects the effect of particle buildup
on the magnetic field, it cannot explain the sharp, spike-shaped
profiles produced by strongly magnetic particles.23,24

In this article, we present a dynamic model for particle accu-
mulation on a wire and we study how buildup growth influences
the flow and magnetic fields. We treat the surface of the particle
buildup as a moving interface. Such moving boundary problems
can be found in a wide range of applications, including crystal
growth, multiphase flow, metallic material erosion, plasma
etching, and fluid-structure interactions.25,26 In our model, the
flow field and magnetic field are calculated by the finite element
method (Comsol Multiphysics) at each simulation step. A parti-
cle trajectory model is used to calculate where and how fre-
quently the particles deposit on the buildup surface under the
influence of magnetic and flow fields, based on which the
dynamic process of magnetic particle buildup growth is studied.

Model Development

Flow field, magnetic field, and particle trajectory

For the purposes of this article, we have considered a sin-
gle magnetically susceptible wire, as illustrated in Figure 1.

There are basically two configurations: a transverse configu-
ration, in which the flow direction is perpendicular to the
magnetic field and magnetic particles are trapped on the
sides of the wire, and a longitudinal configuration, in which
the flow direction is parallel to the magnetic field and
magnetic particles are trapped on the top of the wire.27 The
magnetic particles are simply magnetic cores coated with a
layer of polymer.21 Figure 2 shows the simulation block
used in this study. A Cartesian (x, y) reference frame is
mounted at the center of the wire. Magnetic particles are
uniformly released at boundary 1 (y ¼ L2/2) over the range
x ¼ �L1/2 to L1/2. When a magnetic particle enters the
simulation block, it is subjected to five types of forces: mag-
netic, gravitational, hydrodynamic drag, Brownian thermal
motion, and particle–particle interactions. The magnetic
force is given by Eq. 1. The hydrodynamic drag force is
described by Stokes’ Law:27

Fh ¼ 6pgr0 u� vp
� �

(2)

where g is the fluid viscosity, r0 is the particle radius, u is the
background flow velocity at the location of the particle, and vp is
the particle velocity. In this work, we assume the magnetic particles
to be of intermediate size (100 nm \ 2r0 \ 10 micron) and the
particle suspension to be quite dilute (\1% volume fraction) so the
Brownian, gravitational, and interparticle forces are negligibly
small as compared with magnetic and fluid drag forces.

If the inertia of the particle may be neglected, we can
write the governing equation for the particle trajectory as
simply a balance between the magnetic force and the hydro-
dynamic force:

6pgr0 u� vp
� �

¼ l0VpMprH (3)

This equation is rendered nondimensional by choosing
proper characteristic quantities: velocity is scaled by the inlet
flow speed, V0, length is scaled by wire diameter, 2a, and
magnetic intensity is scaled by B0/l0, where B0 is the magni-
tude of the uniform background magnetic field. The dimen-
sionless form of Eq. 3 is then

v�p ¼ jMF r�H�ð Þ þ u� (4)

where

jMF ¼ VpMpB0

12pgr0V0a
(5)

Figure 1. Basic configurations of the single-wire cap-
ture model.

Solid lines show the trajectories of captured magnetic par-

ticles and dashed lines show the trajectories of noncap-

tured particles. A permanent magnet is usually used for

the transverse configuration and an electromagnet for the

longitudinal configuration. Background flow speed is V0

and background magnetic flux density is B0. The buildup

and iron wire are assumed to have uniform magnetiza-

tions that are parallel to the external magnetic field.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 2. Simulation block for dynamic particle buildup
growth showing the geometry, boundaries,
and marker points.
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The fluid motion is described by the equation of continuity
and the Navier-Stokes equation, i.e.

r� � u� ¼ 0 (6)

and

Re u� � r�u�ð Þ ¼ r�2u� � r�~p�; (7)

respectively, where ~p� is the dimensionless pressure and

Re ¼ 2qV0a

g
(8)

is the Reynolds number, in which q, the mass density of the
particle suspension, is effectively the density of water for
dilute conditions.

The magnetic field strength and magnetic flux density inten-
sity are described by

r� �H� ¼ 0 (9)

and

r� � B� ¼ 0

where

B� ¼ B=B0 (10)

The relation between B* and H* varies greatly depending
on the domain.

In the flow subdomain:

B� ¼ lr waterð ÞH
� (11)

Because lr(water), the relative permeability of the suspen-
sion, is very nearly one for dilute particle suspensions, we
will generally replace H* by B* in this domain, i.e.

B� ¼ H� (12)

In the magnetic particle accumulation subdomain:

B� ¼ H� þM� andM� ¼ l0Mb

B0

B�

B�j j

� �
¼ M�

b

B�

B�j j

� �
(13)

In the wire subdomain:

B� ¼ H� þM� and M� ¼ l0Mw

B0

B�

B�j j

� �
¼ M�

w

B�

B�j j

� �

(14)

In above equations, M is the magnetization and Mb and
Mw are the volumetric magnetizations for the buildup and
the wire, respectively. The volumetric magnetization of the
wire is treated as a piece-wise continuous function:

Mw ¼ 2B0=l0 not magnetically saturated

Mw;sp magnetically saturated

�
(15)

where Mw,sp is the intrinsic volumetric magnetization of the
wire material. The result for the unsaturated case recognizes
that the permeability of the wire is much greater than that of
the surrounding fluid. The volumetric magnetization of the
buildup Mb can be calculated approximately as

Mb ¼ /bMp ¼ 4

3
pr3

0nsMp (16)

where /b is the volume fraction of magnetic particles in the
buildup, and ns is the particle number density in the buildup,
which is equal to 1/(2r0)3 for simple cubic dense packing. The
particles are assumed to be saturated (i.e., fully aligned with
the magnetic field) so that Mp is a constant. In our study, we
assume that the magnetization of the wire and the buildup are
both aligned with the background magnetic field, as expressed
by Eqs. 12 and 13. Continuity is imposed at all interfaces, i.e.,

nb � B1 � B2ð Þ ¼ 0 and nb � H1 �H2ð Þ ¼ 0 (17)

where nb is the outwardly directed unit normal vector, and
subscripts 1 and 2 are used to distinguish different sub-
domains.

Conservation of mass

It is also necessary to describe the concentration of par-
ticles in the fluid. The concentration of the magnetic par-
ticles (defined as volume fraction /) is governed by

@/
@t

þr � vp/
� �

¼ 0 (18)

where / is the volumetric concentration of magnetic particles
in the bulk suspension. The boundary conditions are

/ ¼ /0 (19)

on boundary 1, where /0 is the inlet concentration, and

� /vp � nb ¼ /b � /ð Þvb;n (20)

on the buildup surface, where nb is a unit vector denoting the
outward normal to the surface dS, /b is the particle volume
fraction in the buildup, and vb,n is the velocity of the buildup
surface in the direction normal to itself. The boundary
condition represented by Eq. 20 is the sole source of
unsteadiness in the problem. It therefore determines the time
constant for the system (buildup growth process). Given
/b[/0, an expectation that / will be of the same order as /0,
and an expectation that vp is of order V0, it immediately

follows that vb,n is of order
/0

/b

� �
V0, and the time constant is

therefore sb ¼ 2a
V0

/b

/0

� �
. Dimensionless time has accordingly

been defined as

T� ¼ t

sb

(21)

A similar analysis performed on Eq. 18 shows that the
intrinsic time constant for a concentration change is of order
2a/V0. Thus, the system time constant is much longer than
that for the concentration response, so the quasi-steady form
of Eq. 18 is entirely adequate. One could now solve the
quasi-steady version of Eq. 18, subject to Eq. 19, and then
use Eq. 20 to obtain vb,n.

As our only real interest is in vb,n, this is cumbersome and
we have chosen an equivalent, but slightly different,
approach. The quasi-steady version of Eq. 18 merely states
that the flow of particles into a control volume is equal to
the flow of particles from the same control volume. It is con-
venient to define a control volume in which the sides are
defined by particle trajectory lines (see Figure 2). Particles
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flow into the volume across dL and leave at dS. The conser-
vation statement is therefore

V0/0dL ffi �/ vp � nb
� �

dS (22)

Equations 20 and 22 then give

vb;n ¼ V0

dL

dS

/0

/b � /
(23)

or, if /b � /,

v�b;n ¼ /b

/0

vb;n

V0

¼ dL�

dS�
(24)

To evaluate dL*/dS*, trajectories are determined for two
nearby particles such that dL* and dS* may be obtained.
The trajectories themselves are simply given by the usual
Lagrangian relationship, i.e.,

drp
dt

¼ vp (25)

A final integration of the velocity given by Eq. 24 pro-
vides an evaluation of the buildup as a function of position
and time.

The model and relevant subdomain and boundary settings
are summarized in Table 1. It is also important at this point
to note the magnitudes of certain dimensionless parameters.
Of these, the most important may be jMF, which may be

viewed as the velocity induced by the magnetic field divided
by V0. The practical ranges of the various parameters are
listed in Tables 2 and 3.

Problem discretization and front-tracking method

We have assumed that the magnetic particles have very
poor mobility in the buildup so that the buildup does not
restructure. The buildup surface is discretized and tracked
explicitly by a series of marker points distributed evenly
over the buildup surface, as shown in Figures 2 and 3.

The position of marker point Pi is updated in accordance
with

P�
i T� þ DT�ð Þ ¼ P�

i T�ð Þ þ v�b;n ið ÞnbðiÞDT
� (26)

where Pi* represents the position of point Pi, DT* is the
dimensionless time step, nb(i) is the outward unit vector normal
to the buildup surface, and vb,n(i)* is the normal component of
the velocity of the buildup surface at this marker point.
Equation 26 is used to track the movement of marker points.
As the buildup grows, the marker points may move
closer together or further apart, and sometimes even cause
topological changes, making redistribution of markers neces-
sary. The modeling algorithm is shown in Figure 3. More
detailed discussion of this process is available in Chen.28

We use very densely distributed marker points, with an
average distance between two adjacent maker points of about
0.01a. Fluid is assumed to cross boundary 1 with a uniform
downward velocity V0. Magnetic particles cross the boundary
with a velocity equal to that of the fluid. A constant pressure
condition is applied on boundary 4.

Table 1. Domain and Boundary Settings (in Dimensionless Form)

Domain Magnetostatic Fluid Mechanics Transport of Particles

Flow subdomain !* � B* ¼ 0 Equations 6 and 7
/0

/b

� �
@/
@T� þ v�p � r�/ ¼ �/r� � v�p

!* � H* ¼ 0
B* ¼ H*

Buildup subdomain !* � B* ¼ 0 Inactive Inactive
!* � H* ¼ 0
B* ¼ H* þ M*

M� ¼ M�
b

B�

B�j j

� �
Wire subdomain !* � B* ¼ 0 Inactive Inactive

!* � H* ¼ 0
B* ¼ H* þ M*

M� ¼ M�
w

B�

B�j j

� �

Boundary Magnetostatic Fluid Mechanics Transport of Particle

Boundary 1 Bx* ¼ 0, By* ¼ 1 ux* ¼ 0, uy* ¼ �1 v�p;y ffi 1, v�p;x ffi 0; / ¼ /0

Boundaries 2 and 3 Bx* ¼ 0, By* ¼ 1 Impermeable, no stress Impermeable
Boundary 4 Bx* ¼ 0, By* ¼ 1 Constant pressure N/A
Buildup surface Continuity No slip �/vp* � nb ¼ (/b � /)vb,n*
Wire surface Continuity No slip Impermeable/Inactive
Buildup/wire interface Continuity Inactive Inactive

Table 2. Practical Operating Parameters

Parameter Range

Diameter of magnetic particle 2r0 0.05 � 2 lm
Background magnetic flux density B0 0.1 � 2 Tesla
Saturated magnetization of core (magnetite) rsp 78 Am2/kg
Diameter of magnetizable wire 2a 50–2000 lm
Magnetization of wire l0Mw 0–2 Tesla
Inlet velocity V0 0.5–10 cm/s
Volume concentration of particles in feed /v 0.001–1%

Table 3. Ranges of Dimensionless Numbers

Dimensionless Numbers Practical Range In Our Simulation

Reynolds number Re 0.1–200 1–50
Dimensionless magnetic

velocity jMF

0.001–1000 0.2–4

/0//b 2 � 10�4 to 2 � 10�2 \\1
M�

b 0–1 0–0.132
M�

w 0–2 2
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Results and Discussion

Buildup shape evolution

We first show that the magnetic properties of the buildup
exert an important influence on the evolution of the buildup
morphology. Figures 4a, b depict the buildup process for
longitudinal and transverse configurations, respectively, for
Re ¼ 1, jMF ¼ 1, and M�

b ¼ 0. Each contour line corre-
sponds to a buildup shape at a certain time. The time steps
are chosen so that at each step the maximum increment in
buildup thickness is equal to one-tenth of the wire radius. The
buildup shapes obtained are very similar to those observed
experimentally with weakly paramagnetic particles.20,23

Figures 4c, d depict the buildup process for the same longi-
tudinal and transverse configurations, but the effect of particle
buildup on magnetic field is considered. The resulting buildup
shapes exhibit a spiky dendritic pattern. Formation of a single
on-axis spike has been observed experimentally when strongly
magnetic particles are used (Fe3O4).23 The static particle
buildup model developed by Nesset and Finch20 does not
allow for this behavior and is, therefore, not applicable to the

capture of strongly magnetic particles. In fact, when strongly
magnetic particles such as ferromagnetic or superparamag-
netic particles are used, the buildup is itself a magnet and
this distorts the original field. In this case, the magnetic field
distribution changes with time and must be updated at each
calculation step.

Figure 4. Magnetic particle buildup evolution process
for cases without the effect of buildup on
magnetic field for the (a) longitudinal and (b)
transverse configurations; and cases with the
effect of buildup on magnetic field for the (c)
longitudinal and (d) transverse configurations.

Figure 3. Modeling algorithm showing the calculation
procedure within a single time step.

Figure 5. Effect of particle buildup on the wire on the flow and magnetic field distributions.

The magnitude of the dimensionless velocity at (a) T* ¼ 0, (b) T* ¼ 2.82 for longitudinal configuration, and (c) T* ¼ 1.24 for the

transverse configuration. Note that the intensity scales are different in each of the figures. The distribution of the dimensionless

magnetic flux density magnitude at (d) T* ¼ 0 and (e) T* ¼ 2.82 for the longitudinal configuration, and (f) at T* ¼ 1.24 for the

transverse configuration. The values of dimensionless parameters used in simulation are Re ¼ 1, jMF ¼ 1, M�
b ¼ 0.132, L�

1 ¼ 4,

and L�
2 ¼ 6. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Influence of buildup on flow field, magnetic field, and
capture efficiency

Figure 5 shows the flow and magnetic field distributions (in
dimensionless magnitude) at T* ¼ 0 and T* ¼ 2.82 (for longi-
tudinal configuration), or T* ¼ 1.24 (for transverse configura-
tion), and provides an indication of how the buildup distorts
these fields. As the buildup grows, it essentially increases the

dimension of the ‘‘wire’’ (especially for the transverse config-
uration shown in Figure 5c) and the gradient of the magnetic
field at the surface of the buildup decreases steadily, provided
that Mw [Mb. Incoming particles are, therefore, subject to a
smaller and smaller magnetic force as the buildup grows, and

Figure 7. Effect of changes in magnetization of the
buildup and the wire on the evolution of the
magnetic particle buildup with time for (a)M�

b ¼
0.132 and M�

w ¼ 2 throughout the test; (b) M�
b ¼

0.132 andM�
w ¼ 2 before the 5th step (T*¼ 0.11),

and M�
w ¼ 0 for the rest of test; (c) M�

b ¼ 0.132
and M�

w ¼ 2 before the 5th step (T* ¼ 0.11), and
M�

b ¼ 0 for the rest of test; (d) Continuation of
(b) but with M�

w ¼ 2 after the 10th step (T* ¼
1.22).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 6. The capture efficiency decreases monotoni-
cally with dimensionless time for (a) different
configurations, and (b) different values of jMF.

The fixed parameter values in these simulations were

Re ¼ 1, M�
b ¼ 0.132, L�

1 ¼ 4, and L�
2 ¼ 6.

Figure 8. Magnetic particle trajectories at different times.

First row: trajectories for M�
b ¼ 0.132, Re ¼ 1, jMF ¼ 1, L�

1 ¼ 4, and L�
2 ¼ 6. Dashed straight lines correspond to angles of 0.3p,

0.4p, 0.5p, 0.6p, and 0.7p. Second row: trajectories if buildup magnetization were assumed to be zero at that instance. [Color figure

can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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are less likely to be captured by the wire. This has a negative
effect on capture efficiency, defined as

Ec ¼
Number of particles captured

Total number of particles released
(27)

which is shown in Figure 6 as a function of time for selected
operating conditions.

Figure 5 shows that the buildup growth changes the geome-
try much faster for the transverse configuration than it does for
the longitudinal configuration, which explains why the capture
efficiency shown in Figure 6a decreases much more rapidly
for the transverse than for the longitudinal configuration. In
addition, Figure 6b shows that capture efficiency drops much
faster for larger values of jMF. It might be noted that the scal-
ing for T* was developed under the assumption that vp and V0

are nearly equal. This implies that jMF is close to or less than

unity. For large values of jMF, it would be better to multiply
the right-hand side of Eq. 21 by jMF. This was not done here
because jMF is typically of order one in most applications.

Reason for onset of dendritic buildup growth

As is clear from the results for the longitudinal configura-
tion in Figure 4c, the buildup growth process can be divided
into two regimes. In the early stages, the buildup grows
nearly uniformly in all directions within the attractive zone,
much as in the case where M�

b ¼ 0, Figure 4a. Later, the
smooth buildup surface develops a number of dendrites. The
transition from the first regime to the second regime is a
gradual process. In this section, we examine the onset of
dendritic buildup growth in depth.

We first explored the different roles of the wire and the
buildup. The results are shown in Figure 7, where buildup
profiles before the 5th step are shown in blue and in red for
subsequent steps. All tests were done for Re ¼ 1, jMF ¼ 1,
L�1 ¼ 4, and L�2 ¼ 6. The result for the first test, where
M�

b ¼ 0.132 and M�
w ¼ 2, is shown in Figure 7a, which is

the same as Figure 4c. In the second test, M�
w was set to 0

after the fifth step. From Figure 7b, we see that only one
dendrite (named A0) developed. The third test was designed
to assess the role of the buildup magnetization. The wire
magnetization M�

w was kept at 2 for all times, but M�
b was

switched to 0 after the fifth time step. Figure 7c shows that
the result is a smoothly growing front for the rest of the
experiment. The fourth test is the same as the second, but
M�

w was switched back to 2 after the tenth step. The pres-
ence of dendrite A0 significantly alters the surrounding mag-
netic field, with a strong magnetic field gradient at its tip.
The result is that magnetic particles tend to deposit either at
the top of dendrite A0 or at some distance from it. As shown
in Figure 7d, dendrite A0 kept growing but the wire magnet-
ization also led to development of dendrites B0 and C0.

Figure 8 shows the trajectory lines of magnetic particles
at different times. The first row shows results for M�

b ¼
0.132, Re ¼ 1, jMF ¼ 1, L�1 ¼ 4, and L�2 ¼ 6 In the second
row, trajectory lines are those that would exist if M�

b were
suddenly switched to zero at that instant. Thus, Figure 8 is a
more detailed exploration of the issues raised by Figure 7b.
The results indicate that there are no preferential deposition
areas if the magnetization of the buildup is assumed to be
zero, even at T* ¼ 0.91 when dendritic growth is already
apparent. However, as shown in the first row, magnetization

Figure 9. The normal component of the buildup surface
velocities vb,n* as a function of position (rep-
resented as angle) on the buildup, at different
times.

M�
b ¼ 0.132, Re ¼ 1, jMF ¼ 1, L�

1 ¼ 4, and L�
2 ¼ 6.

Figure 10. Buildup shape (white), dimensionless magnetic flux density (color), and dimensionless magnetic field
gradient along the y axis (graphs) at different times.

Re ¼ 1,M�
b ¼ 0.132, L�

1 ¼ 4, and L�
2 ¼ 6. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

AIChE Journal September 2012 Vol. 58, No. 9 Published on behalf of the AIChE DOI 10.1002/aic 2871



of the buildup significantly changes the trajectory lines. Up
to T* ¼ 0.30, preferential deposition is limited to the top of
the buildup. At this time, the preferential deposition area is
quite large and covers almost the entire top surface of the

buildup. At T* ¼ 0.73, two additional sites of preferential

deposition are apparent. By T* ¼ 0.91, the number of prefer-

ential deposition areas has increased to five. These areas

develop into the five dendrites A, B, C, D, and E that we

have seen in Figure 7a. In the first row, dashed lines have

been included at 0.3p, 0.4p, 0.5p, 0.6p, and 0.7p. These

were inserted in part as guides to the eye, but they also

roughly correspond to the positions of preferential deposi-

tion. Figure 9 shows the value of vb,n* as a function of posi-

tion (denoted by angle, p/2 corresponds to the topmost point

on the buildup surface), at different times. At T* ¼ 0, when

no buildup is present, particles deposit relatively evenly on

the region between 0.3p and 0.7p, with the highest deposi-

tion rate at p/2, and there is no secondary preferential

deposition area. As the buildup grows, two rather broad

secondary maxima emerge around 0.4p and 0.6p. Rather

sharp, very local, maxima also appear at about 0.3p and

0.7p, whereas the global maximum remains at p/2. After

T* ¼ 0.73, the preferential deposition areas further develop

into the above mentioned dendrites A, B, C, D, and E, corre-

sponding approximately to the positions of p/2, 0.4p, 0.6p,

0.3p, and 0.7p, respectively. Dashed vertical lines corre-

sponding to each of the angles are shown; and, as before,

local maxima are found near these angular positions.

Although new local maxima are also found around 0.25p
and 0.75p after T* ¼ 0.73, no significant dendritic growth is

observed around these areas up to T* ¼ 0.91. The local

maxima and minima also move slightly toward the center

line as time proceeds. Because the shape of the surface is a

time average of past deposition rates, this slow drift pro-

duces broader peaks and valleys than would otherwise be

observed if there was no such drift.
Figure 10 shows the magnetic field distribution in the

entire region at different times for Re ¼ 1, jMF ¼ 1, and
M�

b ¼ 0.132, together with the corresponding dimensionless
magnetic field gradients along the centerline. On the dimen-
sionless magnetic field gradient graphs, the gradient inside
the buildup is shown in black, and outside the buildup in
red. As seen from Figure 10a, initially the field gradient is
dominated by the contribution from the wire; but the contri-
butions from the wire and the buildup become comparable
when the buildup thickness is about equal to the radius of
the wire, as seen in Figure 10b. If the buildup thickness is
equal to, or greater than, the diameter of the wire (see
Figure 10c), the dominant contributor to the field gradient is
the buildup itself. Perturbations to the smooth surface then
become unstable and a dendritic conformation is the result.

Parametric study

Figure 11a shows the influence of effective dimensionless
buildup magnetization (M�

b) on buildup shape evolution.
With increasing buildup magnetization, the buildup becomes
thinner in the transverse direction (x direction in this case)
and the onset of dendrite formation begins earlier. The total
number of dendrites also decreases as M�

b increases. When
M�

b is sufficiently large, e.g., M�
b ¼ 1, only one dendrite is

obtained within the time range studied. To facilitate compar-
ison, the final dimensionless times are chosen such that the
heights of the buildup are about 2. Figure 11b shows

the influence of jMF at fixed Re and M�
b. The total number

of dendrites varies from 5 to only 1 over a large range of
jMF. When jMF is small, dendritic growth does not occur
because the single-wire capture efficiency is very low and
the buildup volume is never sufficient for the magnetic field
to be dominated by the contribution from the buildup mate-
rial. This may be seen in the first graph of Figure 11b, for
which the final dimensionless time is T* ¼ 7.2 and the
buildup growth process is very close to steady state.

Figure 11c shows the influence of Re at fixed jMF and M�
b.

Buildup shape does not vary much amongst these graphs,
which indicates that the dynamic process of particle buildup
growth is less dependent on Re than on jMF and M�

b. This con-
firms our separate study where we have found that it is jMF

that has a key influence on particle trajectory and capture.28

Although the parametric study performed above yields an
odd number of dendrites in all reported cases, an even dendrite

Figure 11. Results of parametric study for the longitu-
dinal configuration: (a) Influence of Mb*; (b)
Influence of jMF; (c) Influence of Re with
fixed jMF.

Initial geometry: L�
1 ¼ 4, and L�

2 ¼ 6; some graphs are

replotted for better comparison.
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number can also result. Instead of a single large dendrite at
p/2, two equally large dendrites develop on either side of p/2.

Comparison with experimental results

Friedlaender and Takayasu have shown experimentally
that buildup shapes depend on the type of magnetic particles,
i.e., whether they are weakly or strongly magnetic.23,24 We
have compared their experimental results with our simula-
tions for the operating parameters shown in Table 4. These
two settings were chosen because they include both longitu-
dinal and transverse configurations, and both weakly and
strongly magnetic particles.

Figure 12a shows the results for weakly magnetic particles
in a transverse field. The simulated buildup evolution profiles
are shown as solid lines whereas the experimental buildup
profile is shown as a dashed line. The final buildup profiles
correspond to T* ¼ 7.5. The simulation result gives a buildup
pattern quite similar to the experimental result, with certain
differences in the upwind and downwind areas of the buildup.

Figure 12b shows the comparison for strongly magnetic
particles in a longitudinal field. Both experiment and simula-
tion give a sharp peak. The final buildup profiles correspond
to T* ¼ 0.5. Although there are some discrepancies in the
buildup shapes, it is evident that the model captures the
most important features of the process and provides added
insight concerning the evolution of the buildup shape. We
are not aware of any experimental results that have reported
multiple dendrites of the sort found in this work. This may
be due to the formation of particle chains in the suspension,
whereas this analysis has assumed that each particle acts
independently of every other particle.

Concluding Remarks

We have developed a dynamic model to study magnetic
particle accumulation processes on a single wire in HGMS.
For a given geometry and initial conditions, the dynamic
buildup growth process can be described completely by three
dimensionless numbers: jMF, Re, and M�

b. The model is used
to study the evolution of buildup shape with time, and the
influence of buildup on flow field and magnetic field. Paramet-
ric study shows that jMF and M�

b are the key dimensionless
numbers in determining the resulting buildup shapes, whereas
the effect of Re is small. The results show that the capture effi-
ciency decreases dramatically as particles accumulate on the

wire surface and the growing accumulation of particles signifi-
cantly distorts both the surrounding flow and magnetic fields.
It is also shown that, under certain conditions, the interface
between the buildup and the fluid is unstable and that dendrites
are therefore produced. If M�

b is small, the buildup has a
smoothly growing front and no dendritic growth is obtained.
As M�

b increases, a smoothly growing front is observed at short
times because the magnetic field distribution is dominated by
the wire. However, at later times, the buildup material pro-
vides the dominant contribution to the magnetic field and the
front becomes unstable. The simulated buildup shapes
obtained at very low M�

b values are very similar to those found
experimentally with very weakly paramagnetic particles.
When large M�

b values are used in our simulation, we were

Table 4. Experimental Settings and Parameters

Parameters Setting 1 Setting 2

Particle properties Material Manganese pyrophosphate (Mn2P2O7) Magnetite (Fe3O4)
Magnetic property Paramagnetic Ferromagnetic
Mass magnetization rsp 1.014 Am2/kg 40 Am2/kg
Density 3710 kg/m3 5150 kg/m3

Average diameter 8 lm 10 lm
Radius ratio 1 1

Wire properties Material Nickel Nickel
Magnetic property Ferromagnetic Ferromagnetic
Magnetization, l0Mw 0.6 Tesla 0.12 Tesla
Diameter 125 lm 125 lm

Operating parameters Inlet particle concentration 0.4 g/L 0.1 g/L
Inlet velocity V0 3.81 cm/s 1.38 cm/s
Background magnetic flux density 1 Tesla 0.06 Tesla
Characteristic time for buildup growth: (/b//0)(2a/V0) 16 s 244 s
Time at which buildup shape is observed T ¼ 120 s or T* ¼ 7.5 T ¼ 120 s or T* ¼ 0.5

Dimensionless Numbers Re 4.76 1.72
jMF 0.42 20
M�

b 0.0079 1.124

Figure 12. Comparison of simulation and experimental
results.
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able to predict the single-spike buildup shape reported in
previous experiments with strongly magnetic particles.

These results provide insights as to the optimal duration
of a collection interval. Presumably, collection should be ter-
minated if (a) the efficiency has been severely impaired, or
(b) the cross section for flow has been significantly reduced,
or (c) the dendrites are likely to break with a consequent
loss of product. Figure 6 suggests that collection times
should be limited to values of T* of order one unless jMF is
quite low. Otherwise, collection efficiency suffers. As for
obstruction of the cross section for flow, results such as
those shown in Figure 4 may be compared with the lateral
distance between wires (or the results may be used to select
the distance between wires). On the basis of these results,
the likelihood of dendrite breakage cannot be assessed
unequivocally. However, one might guess that the situation
shown in Figure 10d would be acceptable whereas that
shown in Figure 10e represents an unacceptable risk.
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